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Let IV = (si ,... , s, / (QS~)~~ = 1) be an abstract Coxeter group and r its 
Coxeter graph [l]. To realize IV as a geometric group generated by reflections, 
let V be a real vector space with basis {ei ,... , e,}, define an inner product on V by 
(ei , ej) = -2 cos r+nij (1) 
and let si act on I’ by si . ZI = v - (u, eJ ei . The cases when this inner product 
is positive are of course well known; the corresponding graphs r will be called 
“positive” or “Euclidean” according to whether or not the inner product is also 
nonsingular. 
We say that r is hyperbolic if the inner product (1) is of signature (n - 1, 1) 
(and thus nonsingular). The group W is then realizable as a reflection group in a 
Minkowski or, if one prefers, a hyperbolic space. Earlier authors (see, for 
example, [2]) had obtained the structure of those hyperbolic graphs r for which 
every subgraph r - v, obtained by deleting a vertex v and all edges incident 
with V, is positive or Euclidean. They are rather scarce and none exist for n > 10. 
The purpose of this paper is to describe the structure of hyperbolic graphs which 
are also trees. 
When mij < 3 for all i, j, r can be viewed as an ordinary graph. If A is the 
“adjacence” matrix of I’, the matrix (-2 cos n/mij) of the inner product (1) 
equals 21- A, where I is the identity matrix. Therefore r will be hyperbolic if 
and only if A has a simple eigenvalue greater than 2 and all others less than 2. 
Our results provide a characterization of trees with this property. Earlier [4], 
we had observed that almost all complete multipartite graphs are hyperbolic, 
while Smith [5] has characterized graphs with a single positive eigenvalue as 
those whose nonisolated vertices form a complete multipartite graph. 
We shall denote the determinant of the matrix (-2 CDS r/mii) by det c if r 
is empty, we let det r = 1. Clearly det r < 0 if r is hyperbolic. 
THEOREM 1. If r is a hyperbolic tree, there exists either a vertex v or an edge 
vu in r such that - v or I’ - vu is a union of positive trees. 
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Proof. Let vl be any vertex in r and suppose that I’, , . . . , r, are the connected 
components of r - v1 . At least K - 1 of the ri’s must be positive trees. For if 
two components ri and rj were nonpositive, one could find isotropic vectors wi 
and wj belonging to subspaces of V corresponding to ri and rj . Since ri and rj 
are disconnected, wi and wj must be orthogonal, which is impossible in a space 
of signature (n - 1, 1). 
If all the ri are positive trees, the theorem holds with v = v1 . If not, suppose 
that z+ is the element joined to vl in the nonpositive component. Applying the 
same argument to r - v2 , we have two possibilities. If the nonpositive com- 
positive component of I’ - v, is the one containing v1 , then r - vlvIiz is a 
union of positive trees. Otherwise, we obtain an element v3 joined to v2 from 
this component. Since r is finite, this option will eventually be impossible, i.e., 
the theorem is true. 
We shall call a hyperbolic tree of depth 1 or 2 according to whether the removal 
of a vertex is sufficient or the removal of an edge is necessary in order to dis- 
connect it into a union of positive trees. 
If T is a positive tree and v a vertex of T, we denote the quotient 
det(T - v)/det(T) by i(T, v). This number can be interpreted as l/P, where h 
is the length of the perpendicular dropped from the basis vector of V corre- 
sponding to v on the subspace spanned by the basis vectors corresponding to the 
vertices of T - v. From this interpretation it follows that 
i(T-tt,v) <i(T,v) (2) 
for any vertex t in T different from v. 
More generally, suppose that Y is a collection of positive trees Ti , certain 
vertices vi E Ti and numbers ai of the form -2 cos rr/mi (where mi is an integer 
33, or co) for 1 < i <p. Define 
k(F) = a12i( Tl , vl) + . . . + aD2i( T, , zQ; 
if Y is empty, let i(Y) = 0. Let r(Y) be the tree constructed from such a 
collection by taking the disjoint union of the trees Tl ,..., T, and an extra vertex 
v, joined to the vertices v1 ,..., vI, by edges labeled m, ,..., m, . 
Secondly, suppose that 9’ is another such collection of positive trees Sj , 
vertices ui E Sj and numbers bj = -2 cos rr/nj , for 1 <i < Q. Suppose further- 
more that c is a given number of the form -2 cos z-/K for some integer k > 3 or 
co. The tree r(Y, Y, c) is then constructed as the disjoint union of the trees 
T 1 ,..., T, , S, ,..., S, and two extra vertices v and u, joined by an edge labeled K, 
such that v is also joined to o1 ,..., vP by edges labeled ml ,..., m, and u is joined 
to 111 )..., U, by edges labeled n, ,..., ng . 
LEMMA. Suppose r is a tree, z’ and vertex of r and r, ,..., r, the connected 
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components of I’ - v. Suppose that v is joined to vertices vi E ri by edges labeled 
with integers mi 3 3 or CO, and let ci = -2 cos r/m, , for 1 < i < r. Then 
detr=2cletr,*.. det r, - cl2 det(I’, - vl) det rs ‘.’ det r, 
- . . . - CT2 det r, .‘. det I’,-, det(r, - v?). 
Proof. Renumber the vertices of r in such a way that v comes first, followed 
by the vertices in r, , then those in rs , etc., with vi first in ri . The matrix 
(-2 cos n/mij) then assumes a block diagonal form, except for the first row 
(2, Cl , ,*-*, 0 0, c2 , 0 ,...) c, ) 0 ,..., 0) 
and its transpose, the first column. Expanding its determinant by the first row 
and column leads to the desired result. 
Applying this lemma to the vertex v in a tree of the form r(F) shows that 
det r(F) = -det Tl ... det Tp(i(T) - 2); (3) 
applying it to the vertex v in a tree r(F-, 9, c) and using (3) results in the 
formula 
det r(Y, 9, c) = -det Tl *.. det T, det S, 1.. det S, 
(c2 - (i(F) - 2) (i(9) - 2)). (4) 
THEOREM 2. (a) The tree r(Gk)(F) is positive, Euclidean, or hyperbolic of 
depth 1 according to whether i(F) < 2, i(F) = 2 or i(F) > 2. 
(b) A tree is hyperbolic of depth 2 ;f and only if it is of the form r(F-, 9, c) 
with i(F) > 2, i(9) > 2, and 
(i(9) - 2) (i(9) - 2) < c2. (5) 
Proof. (a) We argue by induction on the number of vertices in r(F). 
The assertion is clear if T is empty. Otherwise, delete a terminal vertex t, # vr 
from the tree Tl , or Tl itself if Tl = {vr}, to obtain a smaller collection 7. The 
inequality (2) shows that i(F’) < i(F). If r(F) is positive, r(F) is positive, 
Euclidean, or hyperbolic according to the sign of its determinant, i.e., according 
to whether i(F) < 2, i(F) = 2 or i(F) > 2 in view of (3). Otherwise, the 
inductive hypothesis implies that r(F) is Euclidean or hyperbolic, so that 
i(F) > 2. In both cases i(F) > 2, so that det r(F) < 0 and r(F) must be 
hyperbolic. 
(b) It is clear that a hyperbolic tree of depth 2 is of the form r = r(F, 9, c). 
If i(F) < 2, the subtree r(F) of r is positive by part (a), so that r - u is a 
union of positive trees, contrary to assumption. Therefore i(F) >, 2 and, 
similarly, i(Y) 3 2. Condition (5) is evident from (4), since det r < 0. 
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Conversely, suppose that r(F’, ~7, c) satisfies these conditions. We prove by 
induction on the number of vertices that r(F, Y, c) is hyperbolic. As in the 
proof of (a), remove a suitable vertex from T to obtain a smaller collection F’. 
Since i(F) < i(F) and i(Y) - 2 3 0, condition (5) still holds for F&F’, 9, c), 
so that det QF’, 9, c) < 0. If i(F) < 2, the subtree r(F) is positive and 
r(F’, Sp, c) is hyperbolic by part (a); otherwise, it is hyperbolic by the inductive 
hypothesis. Since det F(F’, 9, c) < 0, this implies that F(F, Y, c) is also 
hyperbolic. It is clearly of depth 2, since the removal of the edge vu is necessary 
in order to obtain a decomposition into positive trees. 
In the case when mii < 3 for all i, j-i.e., when r is an ordinary tree-one 
finds the table in [3, p. 2331 that of the 201 trees with <lo vertices, 20 are 
positive, 9 Euclidean, 169 hyperbolic of depth 1 and the remaining 3 hyper- 





with 11 vertices belongs to none of these types. 
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